We show that at zero temperature the Coulomb drag between two layers of Landau level filling factor ν = 1/2 is finite in the incompressible paired quantum Hall liquid limit. The temperature dependence of the Coulomb drag exhibits a minimum near the temperature where the transition between the incompressible double layer quantum Hall liquid state and the weakly coupled compressible state takes place. This qualitatively explains recent experimental observations [1] . We also predict an anomalous temperature dependence of Hall drag in this limit.
Double-layer system of two dimensional electron gas (2DEG) allows a novel measurement of scattering mechanism [1, 2] . If there is no tunneling between two layers, momentum can be transferred only via electron-electron scatterings due to the interlayer Coulomb interaction.
As a result, if a current is driven through one of the subsystems (active layer), then another current is induced in the other system (passive layer). The magnitude of the induced current is a measure of interlayer scattering rates. In real experiments, a voltage is applied in the passive layer to nullify the induced current. The ratio between the applied voltage in the passive layer and the driven current in the active layer is the so-called transresistance or the drag resistance. In the case of double-layer two dimensional Fermi liquids, due to Pauli exclusion principle, only the quasiparticles within an energy band of width kT near the Fermi surface participate in scattering processes. This leads to T 2 temperature dependence of drag resistance at low temperatures. At zero temperature the Coulomb drag is absent.
In the presence of high magnetic fields, the kinetic energy of electrons is effectively quenched. As a result, the drag is strongly enhanced due to poor screening. Furthermore, if the filling fraction becomes one-half, 2DEG in each layer supports a novel form of compressible liquids [3] . Namely, the quasiparticles of the half-filled Landau level are composite fermions, which are the electrons with Chern-Simons flux quanta attached on. These composite fermions form a "Fermi surface" and see zero magnetic field. The Chern-Simons field fluctuations due to the density fluctuations of electrons lead to more singular low energy interlayer scatterings [3, 4] . Theoretically it was found that the drag resistivity goes as T 4/3 for pure systems and T 2 ln T for diffusive systems, which is different from the ordinary Fermi liquid case [5−8] .
Recently, Coulomb drag measurement was done for the double layers of half-filled Landau levels. In experiments, it is indeed confirmed that the drag resistivity is much more enhanced compared to that of 2DEG in zero magnetic field. However, even though the temperature dependence can be fitted to T 4/3 for certain range of intermediate temperatures,
the experiment revealed much richer physics at low temperatures. It was observed that a) the drag resistance has a minimum at certain temperature T 0 below which the drag becomes very sensitive to disorders and the applied current. b) the drag resistance seems to be finite at zero temperature.
In this paper, we demonstrate that the observed anomaly at low temperatures can be interpreted as a signature of the formation of an incompressible double-layer paired quantum
Hall state at low temperatures. Incompressible paired quantum Hall state at filling factor ν = 1/2 with two electron species was suggested some years ago [9−11] . In the double layers with Landau level filling factor ν = 1/2, composite fermions in one layer can establish pairing correlations with composite fermions in the other layer below certain temperature, In the following we are going to show N p ∝ N e /k F l at zero temperature for the incompressible double layer quantum Hall state at ν = 1/2. Here k F = 1/l B is the Fermi wavelength, N e = k 2 F /(4π) is the electron number density and l is the mean free path of the electrons. As a result, the zero temperature drag conductivity becomes σ yy the incompressible double layer quantum Hall state and the weakly coupled compressible ν = 1/2 states takes place, the drag conductivity as a function of temperature develops a minimum. The Hall drag conductivity also exhibits an anomalous temperature dependence.
In the framework of composite fermion theory [3] , the response functions of electrons Π(Ω, Q) can be expressed in term of those of composite fermions,
where
Here π dd and π cc denote the density-density and current-current polarization matrices of composite fermions respectively, defined in the space of the layer index 1, 2. π cs comes from the Chern-Simons transformation, and c = i4π/Q. V 11 = V 22 = e 2 /Q, V 12 = V 21 = e 2 /Q exp(−Qd) characterize the intralayer and interlayer Coulomb interactions respectively.
As a consequence, the in-plane conductivity, Hall conductivity and drag conductivity, Hall drag conductivity can be expressed in term of the composite fermion polarizabilities,
The corresponding drag resistivity ρ D and Hall drag resistivity ρ 
ρ H D is the ratio between the applied voltage gradient in the passive layer, which nullifies the induced current in the transverse direction, and the driven current density in the active layer.
To calculate the density-density and current-current polarizabilities in the incompressible double layer quantum Hall liquid limit, we introduce Green functions of composite fermions given in generalized Nambu space in Matsubara representation
HereG, andF are defined in layer index space,
πT . We assume the clean limit τ ∆ ≫ 1, τ is elastic mean free time. ∆ is determined by the self consistant equation
is the interaction constant in interlayer particle-particle channels. The external field vertices are renormalized accordingly [12] . Generalized Ward identities requires the following form of renormalized external scalar field vertexΓ 0 =τ 3 Γ 11 +τ 2 Γ 12 , and vector field vertex
 , τ 0 , τ 1 are the unity matrix and x-component Pauli matrix in layer space respectively. As a result, in the leading order of the small parameter ∆/ǫ F , diagrams in Fig.1 yield
and a similar equation for Γ 11, 12 . Here products of Green functions stand for the convolution sums, which are specified in Eq.10. γ 0 is 1 for the scalar field and v F for the vector field, where v F is the Fermi velocity along p direction. g 11 , g 12 are the irreducible interaction vertex in intralayer particle-hole channels and interlayer particle-particle channel respectively. To simplify the calculation we neglect the energy dependence of g 12 (Ω) and ∆. Furthermore we neglect intralayer Fermi liquid renormalization effects, i.e. taking g 11 = 0. In the limit v F Q, Ω ≪ ∆, the solution of Eq.8 can be written in a compact form in Nambu space
We choose the Coulomb gauge ∇·A = 0 so that the vertex correction toΓ is zero. It is worth emphasizing that the vertex correction inΓ 0 is essential to preserve the gauge invariance of the theory.
The polarizability can be calculated as in term of diagrams in Fig.2 . Taking into account G,Γ,Γ given in Eqs.6, 9, we obtain results in the incompressible paired quantum Hall liquid limit,
After the analytical contiuation Ω → iΩ, at low temperature T ≪ ∆ in the limit τ −1 ≪ Ω, v F Q ≪ ∆, Eq.10 yields
Here ∂n/∂µ = m/2π is the thermodynamic density of states, m is the mass of composite fermions. When DQ 2 , Ω ≪ τ −1 , the density-density polarization takes the diffusion form,
Here D = τ v 2 F /2 is the diffusion constant of composite fermions. Substituting Eqs.11, 12
into Eqs.3, 4, at low temperature we obtain
The drag conductivity at the low temperature limit doesn't depend on the layer spacing or the interlayer Coulomb interaction strength. Moreover, Hall drag conductivity remains zero at this limit. It is worth pointing out that generally speaking ∆ has energy dependence.
However, the density-density correlation function we derived in Eqs.11, 12 is a consequence of the existence of the Bogolyubov-Anderson mode in spontaneously symmetry broken states.
Meanwhile, the finite value of current -current polarizability in the long wavelength limit in Eq. 11 is a manifestation of off-diagonal long range order in composite fermion systems.
Therefore, our conclusion about nonzero Coulomb drag conductance at zero temperature is a general feature of the incompressible paired quantum Hall state and doesn't depend on detail structures of ∆.
At high temperatures, the gap equation doesn't have a nonzero solution and the double layer composite fermions are weakly coupled with each other. However, when the critical temperature T c , below which the gap equation has a nonzero solution, is approached, the current-current polarizability becomes divergent due to strong pairing fluctuations of composite fermions in double layers [13] . This is similar to the situations discussed in [14] .
Therefore above T c at which the transition between the incompressible state(∆ = 0) and compressible state(∆ = 0) takes place, the drag conductivity is determined by diagrams in Fig.3 . After analytical continuation to the real frequency, we obtain Π cc 12 = iΩσ CF 12 in Ω → 0 limit; and
Here η = 7ξ(3)/2π 3 T τ ; ξ(x) is Riemann Zeta function, and Ψ is digamma function. The effective interlayer interaction is calculated in terms of diagrams in Fig.3 ,
We assume the temperature is close to T c and T − T c ≪ τ −1 ≪ T c . In the leading order of τ (T − T c ), the contribution from the second term in Eq. 14 is negligible. Taking into account Eqs. 3, 4, 14, we obtain
Eq. 16 is valid in the limit when
, the result discussed here always overwhelms the contribution derived in the previous papers [7, 8] . 
